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ABSTRACT 
Fanner and Hale [3] prove that every copolar space frilly embedded in a finite 
projective space PG(n, q), with q>2, is the copolar space arising from a symplectic 
polarity. We show that this result is still valid in arbitrary projective spaces; this 
provides a different and shorter proof of [3] in the finite case. 
1. INTRODUCTION 
The symplectic polarities of projective spaces give rise, in two different 
ways, to interesting geometries. The first ones are the symplectic quadrics, 
consisting of the absolute points and totally isotropic lines of the polarity: they 
constitute an important class of polar spaces. The second ones are the 
incidence structures of absolute points and non-totally-isotropic lines of the 
polarity: these are semilinear spaces, whose planes are dual affine (Farmer 
and Hale [3]), and which are special examples of copolar spaces (or delta 
spaces in the sense of D. G. Higman) (J. I. Hall [4]). 
A natural question is to ask whether the copolar spaces arising from a 
symplectic polarity are the only examples of (connected) copolar spaces 
which are fully embedded in a projective space. Farmer and Hale’s result [3] 
on embedded semilinear spaces with dual affine planes shows that the answer 
is yes in PG( n, 9) with 9>2. We prove that the answer is the same in all 
projective spaces (whose lines have at least four points), without assuming the 
finiteness of the order or the dimension. This provides a different and shorter 
proof of [3] in the finite case. 
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2. DEFINITIONS AND MAIN RESULT 
A semilinear space (or partial linear space) is an incidence structure 
Q=(s, C), where the elements of 9 and C are called points and lines 
respectively, which satisfies the following axioms: 
(i) two distinct points are incident with at most one common line; 
(ii) any line (point) is incident with at least two points (lines). 
Each line L of a semihnear space may be identified with the set of points 
incident with L. This allows us to use a set theoretic language. 
If a and b are two distinct points on some line of the semilinear space 
Q=(9, c), we say that they are adjacent and we write a-b. The space Q is 
connected if the adjacency graph on the points is connected. If any two points 
are adjacent, Q is called a linear space. A linear subspace of a semilinear 
space is a set S of points such that each line not contained in S meets it in at 
most one point. A plane is the smallest linear subspace containing two 
intersecting lines. 
A copolar space (Hall [4]) (or proper delta space in the sense of D. G. 
Higman) is a semilinear space satisfying the following axiom: 
Given a line L and a point p not on L, p is not adjacent either to one or to 
all points of L. 
In the spirit of a work of Buekenhout and the author [l, 21 on polar 
spaces, a natural question is to classify fully embedded copolar spaces. We say 
that a semilinear space Q= (9, I?) is fully embedded in a projective space P if 
9 is a set of points of P, C a set of lines of P, and 9= U C. Let us notice that 
all planes of a fully embedded copolar space are necessarily dual affine. 
Classical examples of fully embedded copolar spaces arise as the incidence 
structures of all absolute points and non-totally-isotropic lines of a symplectic 
quadric. More precisely, let P be a projective space, whose dimension and 
order may be infinite, and let 7~ be a possibly degenerate polarity of P (in the 
sense of Tits [6, p. 1281’). Assume that s is symplectic (i.e. that xEm(x) for 
every point x E P) and that there are x, y E P such that r @ n( y ). Denote by ‘??,, 
the set of points p ~9 which are not double points [i.e. such that rr( p)# P], 
and by eT the set of lines L which are not totally isotropic [i.e., there is xEL 
such that L $hr(x)], It is easily checked that Q(7r)=(yr, C,) is a connected 
copolar space, whose planes are dual affine, fully embedded in P. 
It is possible to show that the spaces Q(r) are actually the only fully 
embedded copolar spaces (in a projective space whose order is not two). 
Farmer and Hale proved this for finite projective spaces. 
'TCPXP is a symmetric relation such that n(r)={yi(r, ~)ETT) is a hyperplane or P itself. 
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THEOREM 1 (Farmer and Hale [3]). Let Q be a connected semilineur 
space whose planes are dual afine. Assume that Q is fully embedded in 
P= PG( n, 9), with 1_7>2, and that the set of points of Q generate P. Then Q is 
the copolur space Q(r) arising j&n some (possibly degenerate) sympkctic 
polarity n in P. 
Our aim is to prove the same result without assuming the finiteness of the 
projective space or of its dimension. 
THEOREM 2. Let P be a projective space, whose dimension and order 
may be infinite, and whose lines have at least four points. Let Q be a 
connected copolur space, filly embedded in P, whose points generate P. Then 
Q is the space Q(r) for some symplectic polarity r of P. 
The proof of Theorem 2, restricted to the finite case, is shorter than 
Farmer and Hale’s one. Our idea is to construct a symplectic semiquadratic 
set from the copolar space; then an elementary part of the proof of [2, 
Theorem 6’1, characterizing symplectic quadratics, is used. 
Let us notice the following consequence of Theorem 2: fully embedded 
copolar spaces can be defined, as in [3], by using an alternative bilinear form 
(see the classical properties of polarities in [6, @3.3.2]). 
3. PRELIMINARY PROPERTIES 
In Sections 3 to 5, P will denote an arbitrary projective space (whose 
dimension and whose order may be infinite); Q= (9, C ) will be a connected 
copolar space, fully embedded in P, whose set of points ?j’ generates P. As we 
have noticed already, all planes of Q are dual affine; let 5 be the set of planes 
of Q. 
An arbitrary dual affine plane has the following obvious property: given 
any two lines X, Y, the plane is the union of all lines meeting X and Y in 
distinct points. Hence, each plane S of Q is obtained from a plane A of the 
projective space, by deleting one point a EA and all lines through it. This 
projective plane A will be denoted by S, and the unique point a E %S by S I. 
The subsets Xfl S, where X is a line of P through S _L in S, will be called 
near-lines of S. A near-line is then a maximal set of pairwise nonadjacent 
points in S. The following obvious property is fundamental. 
LEMMA I. Two distinct lines of Q are contained in some plane of Q if 
and only if they intersect. 
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For any p E 9, let p 1 be the set of all points of P which are on a line X of 
P such that p EX and X BL. Then P-L fl9 is the set of all points of Q 
nonadjacent to p. 
LEMMA 2. Let p E $7’ and SE 5 not containing p. Then either S C pl , or 
S 17 pl is a line or a near-line of S. Moreover, if K is a line of S distinct from 
S n p I, then K and p are contained in a common plane of Q. 
Proof Assume S g p I, and let K be a line contained in S. If there is a 
point on K adjacent to p, then by Lemma 1, K and p are in a (dual affine) 
plane of Q; thus K n p 1 is a point. As a consequence, S n pl is a linear 
subspace of S and all lines of S, not in p I, are in some plane of Q through p. 
The linear subspace S n pl may be the empty set, a point, a line, or a set of 
pairwise nonadjacent points (in particular a near-line). Hence if S n pl is not 
a line of S, all lines meet it; so it must be a near-line. n 
LEMMA 3. Any two distinct nonadjacent points of Q are in at least one 
common plane of Q. 
Proof. By Lemma 1, it is enough to prove that if p, q E9 are distinct and 
nonadjacent, there is a point r ~9 adjacent to both of them. Since Q is 
connected, there are a,,a, ,..., a, E$? such that a, -ai+l for i=l,..., n-l, 
and a,-~, a,, -q. Obviously, it is sufficient to prove the property when 
n=2. We may assume that the line through a,, a2 is distinct from the line L 
through a2, q, that praz and that p is not on the plane S through a,, a2, q. 
By Lemma 2, S n p I = L. There is certainly a line L’ #L through q in S; any 
point rE L’\{ q} is then adjacent to both p and q. n 
4. LOCAL SPACES 
Given a point x E P, the lines and planes of P through x are the points and 
lines of a projective space, which will be denoted by P,. If x~??‘, let Qx be the 
semilinear space whose points are the lines of Q through x and whose lines are 
the planes of Q through x. 
PROPOSITION 1. Assume dimension at least 3 and that its lines 
have at least four points. Then for any p E 9, the space Q, is an affine space 
obtained jkm P, by deleting one of its hyperplunes. 
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Proof. Let CTp be the set of points of Q,. 
(i) Q, is a linear space whose lines are the intersections A n qr,, where A is 
a line of the “local space” Pp containing at least two points of yp. Moreover, 
such a line A contains a unique point not in ?.?,,._ 
Indeed, such a line A is defined by a plane S of P through p, where S ES 
(Lemma l), and S is dual affine in S. 
(ii) If B is a plane of Pp, containing at least three noncollinear points of 
Cl”, then B n ‘+I?$ (provided with the lines of Qp contained in it) is an affine 
plane, and B\C$ is a line of Pp. 
Let us first show that Zinc?,_, is an affine plane. To that end, let 2 be the 
3dimensional subspace of P through p which defines B. We must prove that 
given a line L EC and a plane S ES, both containing p and contained in 2, 
with L $23, there is a unique plane TES such that L C TCZ and Tfl S is not a 
line of Q. Since S is dual affine, if T exists then Tn S must be contained in the 
near-line N through p. By the hypotheses of Proposition 1 and by Lemma 2, 
there are points q EL and TEN, both distinct from p, with q-r. Thus, p, q, 
and r are contained in a plane TES satisfying the above conditions. 
In order to prove that B, EB\??~ is a line of the projective plane B, it is 
sufficient to prove that each line of B, not contained in I$,, meets $ in a 
unique point. Let A be a line of B meeting Tr, in a point x. By (i), we must 
prove that A n 9’p is a line of B n ‘GJp. Let A’ be a line of B, not containing x, 
such that A’n?$, is a line of Q,. If y=AfU’ is in TV, then by (i), AflOp 
satisfies the required property. If y B qp, y is the unique point of A’ not in G?r+ 
thus A n C?V must be the parallel line to A’ n Cip through x in B n CJp. This 
proves (ii). 
Two lines S,, S, of Q, will be called parallel if either they are in a common 
plane of Q,, and they do not meet, or S, =S,. Let S,, S,, Ss be three distinct 
lines of Qp such that S, is parallel to S, and S,; then S, and Ss are parallel. 
For, by (ii), there are points xl, xs EP,\~~ such that S, U {x,}, S, U {x1}, 
S, U {x3}, S, U {x3} are lines of P,. Applying (i) to S,, we get xi =x3; hence 
A, and A, are in a plane of Qp. So we have proved the following property. 
(iii) Parallelism is an equivalence relation on the set of lines of Q,; for 
each parallel class 6?, there is a unique point x @ qp such that X U {x} is a line 
of P, for all XEC?. 
(iv) Now it follows, from (ii) and (iii), that Lenz’s axioms for affine spaces 
[5] are satisfied. Thus Qp is an affine space. 
(v) It remains to prove that P, \ $?p is a hyperplane of Pp. Let $2 be the set 
of all points of Pp which are on a line A such that A n CYp is a line of Q,,. Let us 
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show that the line A, through any two distinct points xr, xa of ?!? is contained 
in it. We may assume xi @qpj),; otherwise this is obvious. By (iii), xi is the 
“point at infinity” of a class of parallel lines of Q,. Thus any point y E ??p \ A, 
is on two distinct lines of A,, A, of P,,, containing xi and x2 respectively, such 
that A, n CYp and A, n t?p are lines of Q,. By (ii) the plane through A r, A, is 
contained in 2; hence A,, C% 
Now 62 is a linear subspace of P,,, containing (Yr,. By definition of 2 and by 
(i), (iii), S? \ Tr, is a hyperplane of ‘Z(“hyperplane at infinity” of Tr,). We must 
prove that 9=Pp, Since 9 generates P, by Lemma 3 the union of all planes of 
Q through p also generates P. Hence, the union of all lines s of Pp, with S Es 
and Ssp, generates P,,. But 2 contains all such lines S; so Proposition 1 is 
proved. n 
COROLLARY 1. Zf the lines of P have at least four points, then pL is a 
hyperplane of P for any p E 5’. 
Proof. If P is a plane, then Q is a dual affine plane in it and the property 
is obvious. If the dimension of P is at least 3, the property follows from 
Proposition 1, for the lines in pL through p are the points in P, \ qp, where 
9p is the set of points of Q,. n 
5. PROOF OF THEOREM 2 
If P is a projective plane, then Q is a dual affine plane deduced from P by 
deleting one point s EP and all lines through it. The following relation 7~ 
clearly defines a symplectic polarity in P such that Q=Q(m): For any 
x, y EP, x T y if either x=y, or x# y and the line through x, y contains s. 
Let us assume now that P has (possibly infinite) dimension greater than 2. 
Consider the semilinear space Q” =(P, Cc), where P is the set of points of the 
projective space and Cc the set of lines not in e. Then we shall prove that Q” 
is a semiquadratic set in P (in the sense of [2]), i.e., the union of all lines in C’ 
through a given point p EP is a hyperplane of P or P itself. If p ~9, this 
follows from Corollary 1; if p 4’9, then clearly no line of P containing p can 
be a line of Q and so the union of all lines of Cc through p is P. Then we can 
refer to the second part of the proof of [2, Theorem 6’1. As a service to the 
reader, we reproduce it here. From Q” a polarity ~7 of P can be defined as 
follows: to each point p of P is associated the union m(p) of all lines in Cc 
through p [r(p) is a hyperplane or P itself]; clearly, p E 7~( q) implies q E r( p). 
Furthermore, the points of Q” are of course the absolute points of r, and the 
GEOMETRIES WITH DUAL AFFINE PLANES 37 
lines in Cc are the totally isotropic lines of 7r. Hence Q” is a symplectic 
quadric and the theorem is proved. 
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